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Abstract. We present model calculations of kinetic energy releases and fission barriers in asymmetric fission
of Cr+

60 ions, using a simple electrostatic model where the fragments are treated as conducting spheres. The
kinetic energy releases are calculated using two different approaches for deducing the radii of the spheres.
Both approaches give results in qualitative agreement with experimental results. The fission barriers, on the
other hand, depend strongly on the model radii and the activation energies for neutral fragment emission. A
comparison between the model calculations shows that the choice of the finite size of the smaller fragments
become important as r increases and have large influences on the prediction for the Cr+

60 stability limit. The
competition between neutral (evaporation) and charged-fragment emission (fission) are discussed within a
static over-the-barrier model for electron transfer between conducting spheres.

PACS. 34.70.+e Charge transfer – 36.40.Qv Stability and fragmentation of clusters – 36.40.Wa Charged
clusters

1 Introduction

The fragmentation of multiply charged finite systems has
attracted theoretical as well as experimental attention
during the last century (see [1] and references therein).
The Liquid Drop Model (LDM) has successfully been used
to model properties of microscopic droplets [2], nuclei [3,4]
and clusters [5–8]. In the LDM, the spherical form of a
classical charged droplet is shown to be stable for displace-
ment when the coulomb energy (Ec) is less than twice the
cohesive surface energy (Es), i.e. when the fissility pa-
rameter defined as χ = Ec/2Es is smaller than 1. The
competition between the cohesive surface energy and the
repulsive coulomb energy yields a barrier, which cease to
exist when χ = 1 (the Rayleigh limit). The height of the
barrier has to be compared with the activation energy for
emission of neutral particles in order to determine whether
the droplet will decay predominantly via fission or evap-
oration. In order to take shell effects in metal clusters
into account, a shell correction method (developed for nu-
clear fission [9]) has proven to be useful to reproduce ex-
perimental results in more detail [10]. High level calcula-
tions such as molecular-dynamic (MD) simulations used
for small cluster sizes [11,12] and jellium calculations for
larger clusters [13], have so far not been used to determine
fission barriers for highly charged fullerene ions.

In this work we use a simple electrostatic model to
calculate the kinetic energy releases and fission barriers

a e-mail: henning@physto.se

for the processes

Cr+
60 → C(r−1)+

60−2m + C+
2m (1)

where m = 1−2 and r = 1−16. The purpose is to in-
vestigate the limitations and validity of this model. To
our knowledge, model calculations of fission barriers for
highly charged fullerenes have only been performed in
conjunction with experimental studies of branching ratios
for different fission channels [14] and the stability limit of
charged Cr+

60 [15]. In these cases, the fission barrier height
was deduced from the interaction energy between the fis-
sion partners and the difference in total binding energy
of the final and initial states, ∆E = Ef − Ei (which is
given by the binding energies per atom and the ionization
energies of the fission partners). A common problem is
to determine the latter parameters for high charge states
using a consistent theoretical method. High level calcu-
lations of e.g. ionization energies for Cr+

60 have been per-
formed [16–18], but only for r up to 12 [18].

Highly charged ions, used as projectiles in collision
studies, have proven to be efficient tools for removing
electrons from fullerenes creating stable or metastable
fullerene ions. Experimental results using Xe8+- [19] and
Xe30+-ions [20] showed that evaporation is favoured for
low charge states r (r < 4), asymmetric fission dominates
for intermediate r, and multifragmentation becomes com-
petitive for r = 6. Asymmetric fission was however ob-
served up to r = 9 [20,21], showing that Cr+

60 ions are pro-
duced at low internal energies. The highest charge state
observed under ion impact (Xe25+-projectiles) is C10+

60 [22]
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while C12+
60 was observed using infrared femtosecond laser

fields [23].
The Auto-Charge-Transfer (ACT) process, i.e. the

emission of a neutral light fragment from the parent ion
followed by an electron transfer from the neutral to the
charged fragment, was proposed in 1995 as an interpreta-
tion of measured kinetic energy releases in the asymmet-
ric fission of Cr+

60 (r = 3−7) [24,25]. Recently, however,
Tomita et al. [26] and Cederquist et al. [15] showed that
their measured kinetic energy releases in the fission of Cr+

60
(r = 4−8 and r = 6−9, respectively) can be explained
without the ACT process. Instead the concept of a reac-
tion barrier was adopted, which we will give additional
support for in this work.

The remainder of this work is organized as follows. In
Section 2 we deduce an expression for the fission barrier
of a metal cluster, using a simple electrostatic model [27]
for the interaction between two conducting spheres. Here,
electron transfer during the process is considered, whereas
the description of the sphere-sphere interaction is identi-
cal to the one by Näher et al. [28]. In Section 3 we com-
pare experimental and model kinetic energy releases in
the asymmetric fission processes, Cr+

60 → C(r−1)+
60−2m +C+

2m
(2m = 2, 4). We then deduce fission barriers for 2m = 2−4
as functions of the initial C60 charge and discuss the com-
petition between the different fragmentation processes.
We will also discuss the ACT process [24]. According to
the present model, this process is only possible if the clas-
sical over-the-barrier criterion is fulfilled. That is when
the Stark-shifted ionization potential is smaller than the
maximum of the potential which an electron experiences
as it moves between the fragments [27]. In the following
sections, we will use atomic units unless otherwise stated.

2 Model

We model the fragmentation of an arbitrary charged metal
cluster (A) under the assumption that the two separating
fragments (B and C) are conducting spheres. The mutual
polarization of the two spheres is described by two infinite
series of image charges (one in each sphere) as described
by Zettergren et al. [27] and Näher et al. [28]. The sphere-
sphere interaction energy is

Uint(R) =
1
2

[
qB

[
qB
0 (R) − qB

]
aB

+
qC

[
qC
0 (R) − qC

]
aC

]
,

(2)
where qB and qC are the net fragment charges, qB

0 (R)
and qC

0 (R) are the center charges, and aB and aC are the
sphere radii. The magnitudes of the center charges are
given by the infinite series of image charges [27,28], which
in turn depend on the sphere radii, net charges, and the
center-center distance R. For R = ∞, qB

0 = qB and qC
0 =

qC , yielding zero interaction energy (Uint = 0). When one
sphere radius is set to zero (e.g. aC = 0) we arrive at the
expression for a point charge outside a conducting sphere

Uint(R) =
qBqC

R
+

aB(qC)2

2

[
1

R2
− 1

R2 − (aB)2

]
. (3)
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Fig. 1. Fission barrier.

When, in addition, the other sphere radius is set to zero
(aB = 0), equation (3) reduces to the pure Coulomb en-
ergy, qBqC/R. The total potential energy of the system,
which is necessary in order to determine curve crossings
between different fragmentation channels, is given by

Utot(R) = Uint(R) + U∞, (4)

where U∞ is the energy required to remove qB and qC elec-
trons from the spheres (B and C) at infinite center-center
distance (R = ∞). The classical expression for the energy
required to ionize a r-times charged metal sphere is given
by (see e.g. [27]),

Ir+1 = W +
r + 1/2

a
, (5)

where the sum can be described as an arithmetic series,

r∑
k=1

Ik = rW + r2/2a. (6)

Here a is the radius and W is the classical work function
of the sphere. From this result, U∞ becomes

U∞ = qBWB + (qB)2/2aB + qCWC + (qC)2/2aC . (7)

In Figure 1 we show a schematic of the fission barrier for
the fragmentation of A (qA = r) in fragments B and C
with charges qB = r − r′ and qC = r′, respectively. The
fission barrier height, Bfis is given by the kinetic energy
release (EKER) and the difference in total binding ener-
gies of the initial and final states (Ei − Ef ), as shown in
Figure 1. The fission barrier is thus

Bfis = EKER − (Ei − Ef ). (8)

Here we deduce the kinetic energy release, EKER, from
the maximum of Uint(R) (fusion barrier height) as given
by equation (2). The initial energy (Ei) is the sum of the
binding energy of (a neutral) sphere A, EA

b , and the energy
required to remove r electrons to infinity (the sum of the
ionization energies),

Ei = EA
b +

r∑
k=1

IA
k . (9)
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The final energy is

Ef = EB
b + EC

b +
r−r′∑
k=1

IB
k +

r′∑
k=1

IC
k , (10)

where EB
b and EC

b are the binding energies of sphere B
and C, respectively. With use of equation (5), the fission
barrier for separating spheres with charges r−r′ (qB) and
r (qC) becomes

Bfis = EKER + Er
a + r′(WC − WB)

+ (r′)2/2aC − r′(2r − r′)/2aB, (11)

where the activation energy for emitting a neutral frag-
ment from a sphere of charge r (Er

a) is given by

Er
a = Ea + r(WB − WA) + r2(aA − aB)/2aAaB. (12)

Here Ea is the difference in binding energy of the final
and initial states, Ea = EB

b + EC
b − EA

b , for a neutral
sphere. Note that the correction to the activation energy
for a charged in relation to a neutral sphere is small, i.e.
Er

a ≈ Ea for the emission of a small fragment (aA ≈ aB)
as long as r is small.

Once the model sphere radii, aB and aC , have been
determined, the present simple model yields the kinetic
energy release and the curve crossing distances for Auto-
Charge-Transfer (cf. Eq. (2)). With the additional infor-
mation on the sphere work function and the activation
energies for evaporation from a neutral sphere it is also
possible to deduce fission barriers (cf. Eqs. (11, 12)).

3 Results and discussion

In order to determine the fragment radii and work func-
tions we use the expression for the ionization energies
(Eq. (5)) in two different approaches: (i) the radius of
the C60 (aA = 7.2a0) is given by a fit to the sequence
of experimental ionization energies [27] with the radii
of the heavy and the light fragments derived from this
value assuming a constant volume density. This yield
aB = 7.2(1 − 2m/60)1/3a0 and aC = 7.2(2m/60)1/3a0,
respectively. The work function is in this case assumed to
be size independent (W = 5.72 eV). (ii) For the large frag-
ments we use the values calculated by Leach [29], where
the work functions and radii for C60 and C70 are obtained
from a linear fit to the first and second experimental ion-
ization energies. A linear interpolation and extrapolation
through these values was then used to deduce the work
functions and radii for C56 and C58. Thus the work func-
tions are size-dependent in this case. The small fragments
radii and work functions in approach (ii) are derived by
a linear fit to theoretical values [30] for the first and sec-
ond ionization energies of C2 and C4. The model radii,
work functions, first and second ionization energies in ap-
proach (i) and (ii) are displayed in the upper and lower
part of Table 1, respectively. In [15] we deduced kinetic
energy releases and fission barriers for C+

2 emission using

Table 1. Model work functions (W ), radii (a), first (I1) and
second ionization potentials (I2) for different fragment prod-
ucts. The upper- (i) and lower-part (ii) displays the results for
the approaches (i) and (ii) described in the text.

(i) W (eV) a (a0) I1 (eV) I2 (eV)

C2 5.72 2.32 11.58 23.31

C4 5.72 2.92 10.38 19.69

C56 5.72 7.04 7.65 11.52

C58 5.72 7.11 7.63 11.46

(ii) W (eV) a (a0) I1 (eV) I2 (eV)

C2 6.34 2.44 11.92 23.07

C4 7.82 3.96 11.26 18.13

C56 5.80 7.27 7.67 11.41

C58 5.76 7.23 7.64 11.40
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Fig. 2. Potential energy curves for neutral and singly charged
C2-emission from Cr+

60 (r = 2−5). Black and grey full curves
correspond to approach (i) and (ii), respectively. The black (i)
and grey (ii) dotted lines in the two lower graphs indicates
where the sphere surfaces are in contact.

a slightly different approach than the two presented here.
There [15] the radius of the large fragment (aB = 7.1a0) is
calculated using constant surface density with the radius
of the small (aC = 2.4a0) calculated from the experimen-
tal first ionization potential (I1(C2)) and a constant work
function (W = 5.72 eV). This gives almost identical ki-
netic energy releases as the ones ((i) and (ii)) presented
here.

The Auto-Charge-Transfer (ACT) mechanism may in
principle play an important role in the determination of
the kinetic energy releases. According to the present model
the ACT process is only possible if the crossing of neutral
and singly charged potential curves lie inside the criti-
cal distance for electron transfer, yielding a kinetic en-
ergy release which is lower than the fusion barrier height.
In Figure 2 we show the relations between calculated to-
tal potential energy curves (Eq. (4)) for the Cr+

58 +C2 and
C(r−1)+

58 +C+
2 channels (r = 2−5), where the latter curves

have been set to zero at R = ∞. The black and the
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grey curves are calculated using assumptions (i) and (ii),
respectively. The potential energy curves differ slightly,
mainly due to the difference in ionization potentials (cf.
Tab. 1). However, the conclusions are the same for both
cases. In the upper left of Figure 2 (r = 2), there are
no curve crossings and neutral emission is energetically
more favourable, while the potential curves cross when
R = 14.3a0 (i) and R = 16.4a0 (ii) for r = 3 (upper
right). These crossings are outside the critical distance for
electron transfer at Rc = 12.5a0 (both approaches), sug-
gesting that the ACT process is inactive for r = 3. The sit-
uation is different for the fragmentation of C4+

60 where the
two channels cross around R = 10a0 (i) and R = 11a0 (ii),
which are inside the critical distances for electron trans-
fer at Rc = 13.0a0 (i) and R = 12.9a0 (ii). This means
that the electron may classically move from the light to
the heavy fragment at the crossing and the ACT process
is thus, from these considerations, expected to be active
for r = 4. The expected kinetic energy release would, how-
ever, be about the same as for a direct C+

2 emission process
since the potential energy at the crossing is only slightly
lower than the maximum of the fission potential energy
curve (which defines EKER for the direct process). The
lower right figure shows that the fission potential energy
curves lie below the one for evaporation for all R and thus
there are no crossings and direct C+

2 -emission becomes
dominant for r ≥ 5.

3.1 Kinetic energy releases

In Figure 3, we show model- and experimental [15,26,31]
kinetic energy releases for the Cr+

60 → C(r−1)+
58 + C+

2 (up-
per) and Cr+

60 → C(r−1)+
56 +C+

4 (lower) fragmentation pro-
cesses as functions of the initial charge r. For the emission
of a C+

4 -unit, our calculations show that there are no curve
crossings regardless of r and the approach ((i) or (ii)) used.
Thus all model values displayed in Figure 3 are given by
the maxima of the fission potential energy curves. The ex-
perimental measurements give similar kinetic energy re-
leases for C+

2 - and C+
4 -emission [15,26,31], which is also

the case for the model approach (i). In approach (ii), on
the other hand, the difference is more pronounced due
to the larger radius of C+

4 , yielding lower kinetic energy
releases. It is interesting to note that all model values,
given without the ACT concept, are in good agreement
with the experimental results presented by Senn et al. [31].
The trend, however, is that the model values for both ap-
proaches are higher than the experimental values, which
may be due to the fact that electronic and vibrational ex-
citations are not taken into account in the present model.
An increase in the excitation energy after the decay would
lead to lower kinetic energy release values [15].

The radius of a conducting sphere (a) is related
to its polarizability (α) through a = α1/3. The ratios
a(C2n)/a(C60) obtained from calculated polarizability val-
ues [32,33] are 0.37 (n = 1) and 0.45 (n = 2) to be
compared with 0.32 (n = 1) and 0.41 (n = 2) for ap-
proach (i) and 0.34 (n = 1) and 0.55 (n = 2) for (ii).
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Fig. 3. Experimental [15,26,31] and model kinetic energy re-
leases (EKER) as functions of the initial charge of C60, r. The
upper part displays C+

2 -emission, while C+
4 -emission is shown

in the lower. Black and grey curves correspond to model calcu-
lations assuming charge independent (approach (i)) and charge
dependent (approach (ii)) work functions, respectively.

This comparison indicates that we perhaps overestimate
the radius of C4 in approach (ii). A common assumption
in approaches (i), and (ii) is that the radii of the spheres
are charge independent, which is customary in model esti-
mates of ionization potentials for metal clusters. This also
appears reasonable from the point of view of Dirac-Fock-
Slater calculations [17] which predicts the cage radius of
Cr+

60 only to be slightly larger for r = 7 than for r = 0.

3.2 Fission barriers

The model fission barriers (Eq. (11)) for the processes,
Cr+

60 → C(r−1)+
60−2m +C+

2m (2m = 2−4), as functions of the
initial charge state r are displayed in Figure 4, where the
upper part corresponds to approach (i) and the lower to
approach (ii). The activation energies are assumed to be
charge independent (Er

a = Ea) and charge dependent in
the left and right columns, respectively. Activation ener-
gies for neutral C2- and C4-emission from neutral C60,
Ea(C2) = 9 eV and Ea(C4) = 11.8 eV, are extracted
from calculated binding energies of carbon clusters rang-
ing from C3 to C60 [34] and C2 [35]. Recent measure-
ments [36,37] and calculations [16,38] of Ea(C2), give a
value between 10 eV and 12.5 eV. Thus the activation en-
ergies used here are slightly lower. Below we will, however,
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Fig. 4. Model fission barriers in the asymmetric fission pro-
cesses, Cr+

60 →Cr+
60−2m+C+

2m (2m = 2−4), as functions of the
initial charge r. The activation energies are assumed to be
charge independent and charge dependent, in the left and
right column, respectively. The present sphere-sphere (sph.-
sph.) model results are obtained using a size independent (up-
per) and a size dependent (lower) work function. We also show
results for a point charge and a sphere (Pt.-sph).

compare different fragmentation channels with each other
and for this purpose it is only necessary to determine the
difference between C2 and C4 activation energy for r = 0.
In addition, a common shift of the activation energies will
only have a minor effect on the stability limit predictions
(the charge state when Bfis = 0), since the slopes of the
fission barrier curves are rather steep. The curves in the
left column of Figure 4 indicates that C2-evaporation is
dominant for r < 4 ((i) and (ii)) since the activation
energy (Ea(C2)) is lower than the fission barriers. For
r ≥ 8 (i) and r ≥ 6 (ii), C+

4 -emission has the lowest barrier
height suggesting that this is the most probable process
for large r. Shown in Figure 4 as dashed curves are, in ad-
dition, calculated fission barriers obtained by considering
the maximum of the interaction energies between C(r−1)+

60−2m
(considered to be charged conducting spheres) and point
charges.

When the charge dependent term is added to the acti-
vation energies, the fission barriers are somewhat different,
as displayed in the right column of Figure 4. The charge
dependence is weak for the emission of small fragments
from a moderately charged parent ion. Thus all graphs in
Figure 4 show the same behaviour for r < 4, while there
are considerable differences for larger r. According to the
upper graph in the right column of Figure 4, C+

2 -emission
is the dominant channel for all r ≥ 4, which is due to the
larger activation energy for C4 emission. The activation
energy is in this case increasing with increasing charge
state r, due to the fact that the radii of C56 and C58 are
smaller than the C60 radius (cf. upper part of Tab. 1). In
the lower right of Figure 4, on the other hand, the acti-
vation energy is decreasing with increasing charge state r.
This type of behaviour is in accordance with calculations
for Er

a(C2) performed by Dı́az-Tendero et al. [16], yielding

12.5 eV, 11.8 eV and 11.3 eV for r = 0−2. However, the
difference between the sphere-sphere fission barriers in the
lower part of Figure 4 are small since the r-dependence is
weak for the charge states displayed. It is further inter-
esting to note that the point-sphere model suggests Cr+

60
stability limit in the range r = 15 to r = ∞ for the
four graphs in Figure 4, while the present sphere-sphere
model gives maximum values between r = 9 and r = 14.
Thus it is clearly necessary to consider the finite size and
thus the polarizabilities of the smaller fission products.
The highest charge state observed for an intact Cr+

60 is
r = 12 [23], while theoretical models predict r = 10 [39],
r = 13 [17], and r = 16 [40] for a Cr+

60 -ion in its ground
state. The present calculations are in qualitative agree-
ment with these results.

Measurements of branching ratios [19,20,25,41] show
that the competition between the different channels are in
favor of neutral emission when r < 4, while the emission
of one or several small charged fragments (asymmetric fis-
sion) become more dominant for r > 4. For large r the
Cr+

60 ions predominantly decay through multifragmenta-
tion (total destruction of the C60-cage). Asymmetric fis-
sion processes are however observed for r up to 9 [20,21].
This indicates that Cr+

60 is produced at low internal en-
ergy and the fission process for large r can be described
as the emission of one charged fragment or the succes-
sive emission of several charged fragments. The branch-
ing ratios for C+

4 -emission were shown to be decreasing
with increasing charge state [14], indicating that the fis-
sion barrier height decrease slower for C+

4 - compared to
the C+

2 -channel. This was qualitative understood [14] us-
ing a statistical model based on Rice, Ramsperger and
Kassel theory [42,43], where the channel with the lowest
fission barrier will give the largest branching ratio. Note
that the barrier heights calculated in [14] are deduced in
a similar manner as described in the present work.

These results show that the present model calculations
agree with the observed competition between evaporation
and fission, while it does not reproduce the competition
between C+

2 - and C+
4 -emission. Note that the discrepancy

between the present model results compared to the calcu-
lations performed in [14] shows that the choice of activa-
tion and ionization energies have large influences on the
conclusions about the competition between the different
fission channels. Thus more precise calculations of these
parameters are needed to give a more detailed description
of the fragmentation process.

4 Conclusions

We have calculated kinetic energy releases and fission bar-
riers in Cr+

60 → C(r−1)+
60 +C+

2m (2m = 2, 4) fragmentation
processes, using a simple electrostatic model where the
parent ion and fragment products are treated as conduct-
ing spheres. With this assumption it is possible to take the
polarization of both fragments into account. Two differ-
ent approaches to determine the radii of the spheres, both
yield kinetic energy releases in qualitative agreement with
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measurements [15,26,31]. The fission barrier predictions,
however, differ significantly depending on the methods to
deduce the model fragment radii and the charge-state de-
pendence of the activation energy for neutral emission.
Thus the model give estimates of the C60 stability lim-
its in the range r = 9−14. When the polarization of
the smaller fragments are neglected (modelled as point
charges), the stability limits are found to be unrealisti-
cally high. This stresses the importance of considering also
the polarizabilities of the smaller fragments. The auto-
charge transfer (ACT) process is most likely inactive in
asymmetric fission except possibly for C+

2 -emission from
C4+

60 , which is the only C60 charge state for which the
potential curves for fission and evaporation cross at dis-
tances where over-the barrier electron transfer is classi-
cally allowed. As a consequence, the competition between
evaporation and fission are determined by the activation
energies and the fission barrier heights. Experimental ki-
netic energy releases and the competition between fission
and evaporation are well reproduced by the present model,
while the prediction of the stability limit of Cr+

60 and the
competition between different fission pathways are more
uncertain. This emphasizes the importance of high level
calculations of the activation- and ionization energies and
their charge dependence for high charge states r, as per-
formed by Dı́az-Tendero et al. [16] for r = 0−2, in order
to describe the Cr+

60 fragmentation more accurately.

This work was supported by the Swedish Research Council
under Contract Nos. F650-19981278 and F5102-993/2001.
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